ABSTRACT
An adequate theory of the exploding wire must regard the energy source, wire and ambient medium as a complete system. The electrical behavior of the circuit can be described either in terras of Maxwell's equations with suitable boundary conditions or, for the low frequency cases (f< 20 mc) by means of generalized forma of Kirchhoff's laws. Conservation of energy then requires a balance between dissipation of electrical power in the circuit and the thermal heating, conduction, radiation and electromagnetic interactions of the wire material. Given the temperature history of the wire an attempt can be made to solve the fluid dynamical problem posed by the conservation equations for mass, momentum and energy together with suitable initial and boundary conditions which specify the transitions from solid through liquid to vapor within the wire material.
There is a very important missing portion in the development of a complete theory. Even assuming that the electromagnetic and hydrodynamic problems can be solved, there exists no comprehensive, detailed theory relating the resistance of the wire to the phenomena that occur when the metal lattice is heated through its transition points, melts, is further heated, vaporizes and commences to expand.
At present there appears to be little prospect that such a theory can be readily developed on the basis of existing knowledge of the solid and liquid states.
Ue attempt here to shed light on the early heating and expansion phases of exploding wires by a semi-empirical, heuristic approach which bypasses the fundamental theoretical questions raised in the preceding paragraph and replaces them at the outset by an explicit assumption specifying the resistance as a function of time. When the implications of this assumption for the electrical behavior of the circuit and the heating of the wire are understood, refinements aimed at improving the basic hypothesis can be undertaken. Throughout the remainder of the discussion we shall seek the simplest theoretical formulation adequate to represent the selected portions of the wire explosion.
THEORY
2,1 Energy Conservation.
Under equilibrium conditions the energy E added to a material can be expressed as a StieltJes integral. For the exploding wire, which we know from the conditions of the experiment is not heated under equilibrium conditions, this representation nay provide a reasonable starting point. Accordingly we write If we assume that between transition temperatures energy is given by E ■ mC v (T -T.) + E. where m is mass of wire and C its specific heat, and if we neglect radiation, conduction, thermal expansion and other energy losses from the wire, then between transition points during a phase change or other transition. For the most part we shall be concerned with exploding wire behavior between transition points even though analysis of the data can shed some light on the rate at which mass is transformed, as in Equation (2.3a), and ji&y show departures from equilibrium conditions.
Circuit Equation
For low frequency experiments (f < 20mc) the usual exploding wire circuit contains variable resistance, inductance and fixed capacitance. In writing a generalized form of Kirchhoff's second lav for the circuit, if we assume the magnetic flux to be given by 4) * Li* the possibility of an emf arising from notion of the circuit via the i(dL/dt) term must be considered. Since the wire inductance is given by a function whose form is like i in(//d) where the length i remains fixed but diameter d can vary, and since the circuit inductance will usually be an order of magnitude lerger them that of the wire it is easily seen that the Resistance in the circuit is, after a brief heating period, quickly dominated by the resistance of the wire; so the symbol R can be thought of as representing the wire resistance without much error except at early times before heating begins.
In this paper we shall be interested only in regimes where the condenser voltage can be considered constant. In particular, around current peak q/C •» 0 and the decay of current is dominated by R and L very much as if the condenser had been crowbarred. This is the situation for the well-matched wires of an 12 earlier study.
A second case of interest includes many of the smaller wires which explode during a very short interval, usually on the current rise; and, because the condenser voltage remains nearly constant during this interval, can be treated under this approximation.
Resistance Function
Because of the great difficulties involved, we make no attempt here to solve either the fluid dynamical problem or that of connecting the internal state of the wire with its electrical resistance. In order to account for both the dynamical and thermal phenomena in the wire we assume that wire resistance, R is a function of absolute temperature T and dimensionless time TS ■ t -t where T is a time constant to be determined later. The form of the function is approximated, to first order In each of the variables, by the simplest possible assumptions in the following way.
When no fluid motions occur, the resistance of a wire is known to increase, over limited ranges, linearly with absolute temperature; thus a product function is suggested and we write
If no motions occur the resistance depends on time only through the temperature, and
To account crudely for fluid motions, we note that the head of an expansion 13 5 wave propagating into undisturbed medium, ' ' travels with constant velocity, certainly the simplest possibility; but, more generally, the front characterized 2 by a critical density below which conduction ceases may travel with a velocity v = v(s) dependent on time.
We now suppose the wire material to exist in two states only, viz., 1) fully conducting material not yet affected by the expansion wave, and 2) expanded, nonconducting material. Thus, for a constant velocity wave the radius of the conducting part diminishes with time as r = r [1 -■ -(t -t ) ], where t is a time o chosen to represent the start of the expansion. With this model it is clear that the conduction process must terminate at the finite time when r = 0. Since wire resistance varies inversely as the cross-sectional area, we have from Equation
for the case in which the velocity of the expansion front may vary with time. Even to specify the velocity of the front is a formidable task which cannot truly be separated from the complete fluid dynamical problem. To gain insight into the implications of these hypotheses we simplify one step further with the assumption that the front velocity is constant. Then, with T = r /v and TS « t -t we can write
We examine the effects of a constant velocity expansion wa"e «done by assuming temperature effects are negligible, i.e., a(T -T ) « 1, and the condenser voltage sensible constant as explained in 52.2. Then with the definitions T = L/R , a » T/T , b • qx/LC we can combine (2.5d) and (2.5a) with (2.1*) to
which is a linear, ordinary differential equation of first order. The solution is well known and can be written The case of greatest interest to us is that for which b = 0. The resulting current function is plotted in Figure 1 for several values of parameter a. Figure 2 shows the current decay curve for a 5. We point out a^ain that when b ^ 0 we can, in a similar way, discuss the small wires already mentioned in § 2.2; however, for any of the foregoing examples the neglect of thei.aal effects is serious because these effects are not small. During the time of the hypothetical wire expansion, estimates show that a(T -T ) ^ 1 -10 and consequently ought not to be neglected.
Thermal Effects
The effect of temperature rise on current via the resistance can be examined */ separately from that of any expansion process by letting R (s) » R in Equation (2.5a) and combining with Equation (2.4). We examine only the case near current maximum, and after wire melting, where q/C • 0. Furthermore, we restrict the temperature away from any transition points so that Equation (2.2) may apply. The temperature rise may be found by combining Equations (2.2) and (2.k) to yield
As mentioned before, the energy is stored in the magnetic field as shown by Equation ( .
The ratio gi 0 /p = , r Is the quotient of magnetic stored energy by the thermal energy necessary to heat the wire through the interval l/a «• 300 K. In 12 2 3 our typical cases this ratio is of order 10 -10 . It is readily shown that the current of Equation (2.12) decays from i 0 with the initial slope (di/dt) 0 ■ .gi 2 t -pi 0 and at large times exponentially as e 0 ; thus it has a form similar to shape to that already found for the expansion wave hypothesis except that in this case the decay does not terminate at a finite time. and that the resistance depends not only on the energy, but also on the radius of the conducting core, according to Equation (2.5c).
In order to find the instantaneous wire radius, and from its derivative the wave speed, it is necessary that the dependence of resistivity on temperature be known. Unfortunat3ly, no reliable values at high temperatures are available;
however, from the experimental values up to 2.5 kilojoules/gpam and from theoretical expectations, a linear increase of resistivity with specific energy is suggested. This assumed linear law is therefore used to extrapolate to energies higher than the 2.5 kilojoules/cram. Although this extrapolation is romewhat risky, it will certainly not be greatly in error for specific energy values Just above 
Here e refers to the specific energy of the uniformly heated conducting material within radius r. In Figure k the scaled resistance is graphed as a function of E/m rather than e, but in order to evaluate the radius from Equation (5-^), the resistance must be compar3d with the resistivity from Equation because the surface is a site of fluctuations that will prevent overexpansion, it is assumed that the effect here is small, and equilibrium thermodynamics oan be used. The vaporization wave now proceeds with wave speed different from the sound speed of the liquid because the adiabatic compressibility of the damp vapor is much greater than that of the liquid.
To express these ideas in mathematical form we proceed as follows. Quite generally, the speed of small amplitude disturbances, c, is found from
where p is pressure, p is density, and the subscript "ad" refers to an adiabatic change. Using the specific volume v = l/p. Equation C+.l) becomes
The equation of state is assumed to be 
CM)
and with Equation (k.6) ve obtain:
With the above relations. Equation (U.2) becomes
or, alternatively,
For a perfect gas where C--Cy = R and C^/C v = 7, this yields c 2 = yRT, the usual form for the small amplitude wave speed; however, for a two-phase system «here the pressure is Just the vapor pressure, p(T), independent of v or p. Equation Most vapor pressure curves can be represented fairly well by
12) where the constants A, a and T 0 can be determined from experimental values. For the present tests with copper, the following vapor pressure formula was adapted from reference (15)* using logarithms to base 10, log p -15.5 -(17,700/T) -1.275 log T, (4.13) where pressure is in mm Hg and temperature in degrees Kelvin. With C »0.12 cal/gm-deg, and p = 5.5 gm/cm , the values for c are found from Equation (4.11), and the results plotted as the theoretical curve in Figure 5 . The curve ends at the critical temperature, about 9000 K for copper. Formula (4.11) is no longer applicable at temperatures higher than critical, and must be replaced by the more general form. Equation (4.10); however. Equation (4.10) canno-be evaluated before more precise thermodynamic data for copper beyond critical temperatures is known. For these reasons the ability of Equation (4.10) to describe the data above critical terperature cannot be determined at present; however, even at these hlrher temperatures the correlation of the data to a single curve is striking and strongly suggests that the wave speed is uniquely related to specific energy. Vaporization-expansion wave velocity versus specific energy 29
